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ABSTRACT

L i q u i d — f i l l e d  holes used for  pressure measur oments  of v i s c o —e last i c  l i qu ids

give rise to systomatic hole pressure ‘errors . Tanner and Pipkln have presented

analysis for flows of a second order fluid in which they derive a simple rela tion

between the first normal stress difference and the hole pressure for flow situa-

tions where Reynolds numbers are very umall. Imp licit in the analysis is the

assumption that the streamlines are symmetric about the hole center line. In t h i s

paper , using a numerical solution , we investigate the relationship between the

hole pressure and the first normal st ress difference for a range of Reynolds

numbers where inertial effects are not negligible. The ratio of hole pressurc/fir:~t

normal stress difference is found to vary from 0.25 to 0.16 as the Reynolds number

is varied from 1 to 10. Streamline patterns are presented for Poiseuille flow of

a second order fluid over a slot cut into one wall of an otherwise straight channel .

Various geometries are considered . The results naturally include those for an in-

compressible Newtonian l iquid at non~ zoro Reynolds numbers.

AMS(MOS) Subject Classification 70.65 Work u n i t  No. 3— Applications of ~.ith em ~it i~
Key Words: Visco—elastic l iquids , Ho le pressure measuroments, Numerical Met hc c d ~.

Permanent address: Department of Computer Science , U n i v e r s i t y  Colleg e of ~w,m~;, ’i , 
~~~~~~

It has been customary in the past to  app ly the term hole pressure ‘error ’ t o  t L c ’

~ quantity 
~~~~ 

where 
~H 

is the pressure  measured in the s ta t ic  l i q u i d  .0 t h e
of a hole in a channel wall and j~: t h e  pressure which would be exerted ~~~ t h e  ~~• l l
by liquid flowing in the channel if the  hole were not present. The ba si . ’ .i:m .0
paper is to relate this ‘quant ity ’ t o mater Lii properties of the 1 i~~u Li , and as o:~ ’
the term ‘error’ is ml sleadinq j 

~~~~ tiv’ ‘qnant  i ty  ‘ w i l l  i t  self he ~.nl ’  e s t  t ~ ‘ c i

We choose , therefore, to ~ ef ci o t h e  ‘ !nsl e ~~ ‘ def i nod as 1 —

~ 

. I t  n
be noted that the sign of t he hole pt ~ ;ur e  i chosen t 0 he P° i t  I \‘ t ’  ‘ t c i  e a .1 i c
l i quids.

Spon sor ed by the tint ted ~ t at  e~; Afl~ ’’ t ind ~’i Cc ~ i t i t  No . I)AAL ’’)— 7 ~ C— C ~~ .’ .1
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Significance and Explanation

For some time now the polymer processing industry has put considerable

effort into the design of simple, reliable instruments for measuring material

properties such as viscosity, elasticity, etc, of polymeric liquids or polymer

melts.

This report considers the theoretical background to one such instrument

which gives elasticity readings by measur~ nent of pressure values in a liquid

when it flows through a straight channel. One wall of the channel has a slot

cut into it, and pressure is measured at the bottom of the slot and at a point

on the channel wall ininediately opposite the slot. The report looks in detail

at the effect of inertial contributions to the flow and in particular shows

how inertial distortion modifies the relationship between the elasticity of the

liquid and the measured pressure values. Streamline patterns are presented

showing how much distortion one can expect for Reynolds numbers up to 25.
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The responsibility for the wording and views expressed in this descriptive
summary lies with IRC , and not with the author of this report .
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A COMPUTER MODEL OF HOLE-PRESSURE MEASUREMENT
IN POI SEUI LL~ FLOW OF VISCO-ELASTIC LIQUIDS

P. Townsend

Introduction

The search for simple reliable instruments which measure material properties

of visco-elastic liquids is a never-ending one. In this paper we use a numerical

model to investigate one flow situation in which the use of liquid-filled holes

or slots for pressure measurements of flowing visco—elastic liquids give s rise

to a direct measurement of the elasticity of the liquid .

In a number of very detailed and careful experiments carried out by Lodge

and his co—workers (1, 2 and 3] it became clear that errors are produced if

pressure measurements of visco~elastic liquids are taken from transducers mounted

at the bottom of liquid-filled holes. Some work with a polvisobutylene solution

indicated an approximately linear relationship between the error in the pressure

reading and the first normal stress difference. Lodge recognized that due to the

apparently systematic relationship between the ‘hole pressure ’ and the liquid

elasticity , a basis exists for an instrument which would give direct readings of

elastic properties of a liquid from a simple shear flow. These ideas are now

embodied in the Seiscor—Lodge Stressmeter (4].

A simple analysis due to Tanner and Pipkin (5 1 for Poiseuille flow of a

second order liquid over a slot showed that for very small Reynolds numbers where

inertial effects were negligible, the hole pressure was precisely one quarter of

the first normal stress difference. This result was later confirmed by Higashitani

.111(1 Pritirh~ird (6~ using a slightly different approach. Kearsley (71 derived a

irnil ar ru”~ult re1~itincj h o l e  pressure and the second normal stress difference for

nlot~ placed alonq th e  main flow direction . The restrictions placed on these

thc o r c t L. i l ~~~~~~~~~~~~~ wer e quit (‘ :;evere , however , and the very simple results

u t - c t  uuuu l i kel y t o  h~ vat  id when flui d inert ia is non—neg lig ible. The invest  i —

u r n  c c l  I u t  c I I c t  s of o u t  t Li c c i i  t h i ’  r e l a t i o n s h i p  between the hole PI (’~o.111(’

ani t  i r ~;t riorm~i 1  i t .  l i l t  c i  c r i c O in  a v i sc o— c l ast i c  li quid is t h e  aim c ’t

t i  ~ i ,
~~p~ ’~~~•
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In order to mathemat ica l ly  model a v i sco—c last i c  l i quid , one is faced w i t h

the very difficult question of which constitutive equations to use. Certainly

one would like to be able to model as closely as tco~n u i t c lc as many fluid proper-

ties as one can, but often the more sophisticated fluid models give rise t o

partial differential equations which are either too difficult or too expensive

to solve. In the flow situations we shall consider , certainly our firnt concern

is for fluid elasticity effects , and one of the simplest models available to us

is the second order fluid. One has to be careful in interpreting results obtained

in this case for, as Pipkin (8) points out , the resultu; are valid only if the

presence of second-order term s causes a small perturbation of Newtonian flow .

For flows which differ considerably from the Newtonian situation one may argue

that a second—order analysis gives one only preliminary insight into how Newtonian

flow will be affected by slight elasticity. In the present analysis it proves to

be the case that the elastic solutions obtained , except for pressure considera-

tions, differ very little from Newtonian flow.

The equations governing the flow problem, even for the Newtonian case, are

too difficult for an w-ialytical solution , and we must turn therefore to a numerical

model. Some of the earliest work done in this area was that by Thom and Apelt (91

who derived a perturbation solution for small Reynolds numbers for the flow of a

Newtonian l iquid . They attempted to write down a simp le relat ionship between the

lid ,’ pressure and the Reynolds number . Some comparison of their results is made

w i t h  experimental  work due to Ray 1101 . O’Brien ( i i , L~ and 1 fl has calculated

~~t ok , ’a  f l ow of a Newtonian l iqu id past slots of various yet~uuotri es and in situa—

ontu whore t he unperturbed flow in the main channel i taken 1 o be bot h (‘ouet t ~‘

flow and Pci aeu i l l  e f low and a l u c  some ecisubinat ion of t ho two . R e s u lt s  are pie —

;er: t i’d i ud i cat inq t he dependence of at u-earn line rat  1 cl i i  a on dept h— t c—i enqt h a lot

i it it ’; I s i i t  tint ert t i n .-it n o ref ,‘renc,’ i made t c ’ hot, ’  p i t’  cc i i i  t’ mt’asur~iuuen t a
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f ; o l ”  i c ’il ~sf t h ’  t n t  1 N a v i e t  ~~~ t c c~~~ t ’’ equa l  i~~’ i u - . t c ’i ~~i - ~.t  ~‘it t a t ;  t’ , - ; ~~~ - c u t  I

lc ’sw i- a c t  .t ‘.lot La ~~t i ’ ,t ’ t l t  ‘d by a~~h ct  i ’i ; a c k, ’u 141 , a l t  h , ’ ; c i h  i t  i c c  ; u . ’t i L  at  u~h~

tnet- t t a  t , ‘lVl ; a t  ~‘ i ct  a t i u t ’~t liii I hi ’ ~‘. i t t i e . a? t in ’  Ki ’ync ’lc l . u ;umt ’, ’t eat; ’ - t i . ’; .‘d i t . -

i’x t t e m e l y  small . Tht’ c li ’Oiflt ’t y ;i’;,’~t i i ;  th ic . woi k u.  ~t e i  ;v . - - l  i i  ant .‘~~t e t c . %~~‘li ~~~~~~ t —

cat i ana  I ’  not dii ect I v  i c i  ,‘~‘ant lu,’t e. Nuuitet t~ ‘.i I - .~‘i ut  t a t ; ’ . I a; c 
~~~~ in ‘ I ‘I

number Nt ’~5 t  a t ;  u a t ;  I tow have been alst at  ned ~~ ~ t ,‘v ei; .c ’li 1’ ’ , w in ’  ~~~ ~i t .  u c l i i - , I - I

in  a t uihe wh i t -h h.-u ’ ; a a i t onsil i ’ i-v n t  i .il w a l l  c ’,I \’ i t  v . i i i~1 a ,i I an I a t  c -  I in ’  c u t  i ,‘am l I t i c - .

Again . hawe ’v,’t • t Inn ,‘ i c c  no t , ‘t ci .‘tie e t ~ t hi ’ h a l t ’ ~~~ 
c- - c - ui  t

fl~s l ~ ’— ~’u ,‘ ‘; c c ; u  c ~- ,ttculat lot ; . t at  a .t ’c c ~~l cI  c ’~ d c i  I l i l i c i  has ,’ t ’e, -i ;  ma’t. ’ ~~ Mal  k u; -

I lt ~) , who pu ~‘ .. ‘ i; t  cc i i ’ c . u i l t  . I i ’; t hi ’ r at  t o  at holi ’ — p i e . - - ; i t  i ’ I~~’ I t i - - I  . -t nc.u i - - I ;  i ’ - ’-

~i t ft et eni t’ a - a tunot t a t ;  ~‘t dept h — t  c ’ — w t * i t  Ii I I I  to at I h i ’  ‘l i st . bat ii i ’c ’t~ i ’t 1 * -  in~l

Pc ’ t cc ( ’u i i t o  I low .ti ~~’ ~~~~ tdt ’t  ed hut t he an.u l v ; ;  - - i c .  l i n t  i t  , ‘,I t ‘ ‘i ak i - -; t I ~‘;~-

I n  a i , ‘~‘,‘i ;t p a p i ’; by C; oc het  and t1e.’~ - ( 1  ‘1 , c ’ s ’i ; c  i~h ’u a t t a t ;  u ’  .i ;v c t ;  I a t ii-

law at a Maxwo l i t  vpi ’ 1 t~ l ; ; t c i  i i ;  a ci”~~~,’t i v  ‘. i n i  l i t  t a I h at  , % c t a ; t c.l ; c c  I h i ’  ~ a - i

Onl y a l i m i t  ~‘.I i uumt c ei -  at  1 e c a i l  t . , i . ’ ~- i  , ‘ - - , ‘ i i t  c~t cc i n - .’ t h~’ -i  c ’t ’t i ’411 ; ‘ c  c- - c - n t  ;., t I ’,

c ’t1 t y ~~~~~~~~~~~~~~ .1 .  c ’i i i • t t~~.t at a i t i ~w I in  i t , - c i  , ‘ t i , ’ t ; t  t ~‘~ ‘h i u  l q ; i i ’ - ~‘!;, ‘ i t i t  ‘a - ;  - - . -~~; i  *

~ in5~ dcsutst ,i1 ’~’nt i ’ei t t i l l  I ,‘.tt ut  .‘‘: at t h. II .al ut I c~~ l ,luii ’ t c ’ f l h i flh t ’i ;, tl I i  I ¶ ; ,  u i l t  i~-

‘cs ’; i c ’h I t n - v  .‘~~~-. - i  t , ’n~’t~~t . t~ ,’ ‘ -h a l l  n ;a¼~ - 1 i t t  t b et  i a t  ci .-n. -~ - I , ’ t h i  - . n , ’; ~~ l i t  ,- ;
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Theoretical Analysis

In this analysis we take a rectangular Cartesian coordinate system

(x ,y , z) and assume that we have steady two—dimensional flow between two infinite

flat plates AH and BG , which are positioned parallel to the OXZ plane at a

distance h apart (see Figure 1). The lower plate is assumed to have cut in to

it a rectangular slot CDEF parallel to the Z axis, of depth d and width b

and of infinite length.

If we take a velocity vector v ~(u,v,O) then the equations which govern

the notion of the li quid are
~p ’ ~p ’

~3u ~~~~ ~P xx xyu — + V — J — — + , ( 1)
3x 3x ay

ap ’ ~ p ’
c * ( u~!. + v 

~~~~~
- ) = — ‘

~~~~
‘ + + ~‘~‘ 

, ( 2 )
ax ay ay ax

and

= 0  (3)
ax a~

where ~c is the density of the liquid , P denotes the isotropic pressure and

P ’ , P’ and P’ the relevant components of the extra stress tensor . The
xx xy yy

boundary conditions which apply are that the velocity components are zero on

all plate surfaces, and that provided one is sufficiently far from the slot then

• the flow i s  undisturbed Poiseuille flow. To complete the specification of the

probløu we need to choose appropriate equations of state for the liquid. For

reasons given in the introduction we confine attention to the Rivlin—Ericksen

incompressible second-order fluid given by

(1) (2) (1) (l)m

~ik 
= 2 c 1~, eik + 2 a~ elk + 4 a3 e~~~ ek

where a
1
, a2 and a3 are material constants and e{~~ is the j th rate of

strain tensor introducted by Oldroyd (18~ . This fluid exhibits both first and

second normal stress differences , governed by non-zero values of the parameter;;

— (l/2)A ~~
1 where is the jth RiVlir. - rricksen tensor .ik

-4-
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and .; , hut ~ cc ; e’at  i t o t  t’~i t a a cs ’i ;nt  .;i i t  v i c c ’s ’;; i t  
~

‘ t i

The t hrt’t~ relevant ~xt ia at  i ecu a t’~i~patii’nt S are’ t hen ~ i yen by

r— 
~~~ ,~~~ .~ ~~ .~~~• 1~~

P . ;  - 4 . a  -- — 4~~~~’ • .~~ ( _  ~ ( - - - - - )
xx 1 - ix  .‘ :ix y ,~x . x  ?x .‘y 

-i~~

I”’
I— 

~~ 
-
‘ 
~ l iv 1u .‘

+ ‘~~~‘ 

~ x 4 ~x 
;y

iv r’ 
~ ~ ?u ~~~ ~i; -i,~ .‘ 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ;~~~~~~~
‘(

~~:~~

(I’)

r - ~v •. 2 1 ~~ -

• ~ ~ L ~‘ - ‘~~ 
+ 

~ 
~ 

• 
-~~~

an-i

~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

I .’

I.’ 5,’ Ii ; ~V V ?ti ~ it
+ I - - -  - - +
.‘ ~x v .‘ ~x v~- ’ ,~x ~~~- 

“V 
- —

We’ now t ake a number of st er’;; I a a imp i i fy  t he ’ c t c ’ve ’;n ing oquat ions. F i t  at

wt’ m t  rs’duce t he t o l l  c ’-W i t is~ ~et at non —d imens i anal v ar i ,il’l es

x — , y — ~~- u~ , v’

La — - - 
, , ~t~5 — ~~ ,, , ,~~~ ~

_-_
,

wh~te’ I’ is s ue’ charac t er i st i5 ’ I e’nq t ii and ~ i a a oh a t a ct  ~~i -i c u t  i s ’ Vi ’ 100 i t  
~ 
.

s imp i i~’ it y we chi~~se’ i~ nediately to drop t ho * notat  ion .tl t 1iou~il ; i t  c u t  t 11

tmp l t e d.

~ cs ’s ’ini I y Wi’ i t ; ?  i tt e i n o ,’ ‘i c ; t  i-o.-am I un;’t ion -
~ 

x • v ;~ i1s ’i ; t h.-tt

— “~ .it;sl V 
- ‘~ . t Si ’i
, X

W i t h  t h i  cc 5let m i t  t at ;  the  e’quat ion at cant i t i t t i I v i -  cat  i c u t  t e s t  t d e ’t i t  i c ’, t l  I ’s’ .

F in a l  iv  we - .ul’cct itut e t he’ expt  ,‘ca i a n c c  
~~~~ ~ 

‘ I a t  I In ’ c u t  1 * ’ ;;;; c ’sl;;i ’ c ’nc ’:;t a I ’’

t n t  c ’ • -
~~~~~

- ‘ t  i s a ; ; ;  i i  and ( .‘~~ and ci  inun . i t  e ’ I he ’ ~‘i e ’c ;c ; ; ; t  a .  ~‘hc I i ; c , ; 1  . qc . it  i a n - - n h ’c , h

* - I In’;; ,‘l I t ; ; ;  at  c

c_ - -

______ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-~~~~~ -- - -~~~~ - - -~~ -- .-~~~~~~~~~ ‘- 
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I ; ‘  c 1 2 ~
‘

1, ~~
- - ‘1 2

— — ‘~ = — 
~ + ~ — cc ’ (10)) y ~x ~x ~y Re - 2 ~_ ~y I x :~x ~y 

— 

-

w }it -r c  is the v or t i c i t y  give;; by

= (11)

V is the usual Lap ].ac ian operator
22 

+ - , (12 )

~~~ ~y
2

and Re is a Reynolds number given b\’

Re = ~~~ . (13)

For L we choose the height  h of the channel  and for  U we take t h e  maximum

value of the inlet velocity profile , i.e. U P h
2
/4a

1 
where P is the pres-

sure gradient producing the flow . Our Reynolds number becomes

= 
~~~ 

h~~ (14)
4

I

i~.
-1 
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Simplified Analysis of Tanner and Pijikin [S)

If ant’ assumes that the tlow is so slow that one may neglect inertia , t h i n

the disturbance due to the slot is slmunetrical about the slot centerlin e , usI

therefore the pressure P
0 
in a Newtonian liquid is constant along this 1 - ira - .

I f  one fu r t h e r  assumes that  the slot is s u f f i c i en t l y  deep that  there is r i c c 1 1 i ~~

g ih i t ’  mot ion  at the bottom of it then this constant value is the pressure

at the  bottom of the  slot . Under these res t r ict ions  Tanner and P ipk i n  show t h a t

for a svc~ ;‘d ar der  f l u i d  the stress along the centerline is giver;  by

(1) (1) (Urn 1 (1) (l)rn
P . — P ~~~ + 2 ;  e , + 4a (e . o — (trace(e , e )~~ . ) 1

H ik I ik 2 irs k 2 irs k ik (F)

( 2 )  ~ 
DP~~ ( 1) ( U r n

+ a (2e , — (— — — 3 trace (e , e ) ) 1 S  I
3 ik CI1

DT irs k ik

I f one now f u rther assumes that  the slot in the bottom plate  is so narrow

(h/b larg e) that the f row near the top p la te  is neglig ibly  disturbed then it I c ;

fairly st raightforward to show that the centerline thrust P on the t o p  p l a t e

is given icy

- 

2 
a 2 ( 

1u 
)

2 
(l6~

Since t he’ fir st normal stress difference N
1 

is g iven by

N = P — I’ = ‘ 2 cu ( ~~ “ (17)
1 xx yy 2 ~y

th en  from (16) and (17) we have the simple relationship between the fit-st norma l

stress d i f f e r e n c e  and the hole pressure P~ - P
11 

namely

P ~ . ( i t ~)
w H 4 1

This  r e su l t  suggests that  measurement of the  hole pressure is 1ik ~~lv t o

c~ j ’c’ i ’ .1 cli rect measure of the elasticity of a liquid. This analvs i s  I -ia ; ;  l’t ’c ’ii

• ‘xt cndt ’d by Kears ley  [7 1 who was able to show tha t  t s r  rect ii ine.ir  f I ass’ ;; alono

a slat t h e  hole  p t  assure is one ha if the a ec ’oncl normal s t l ea;; c l i  f f e’rence

it I c i c i Sh  i t  an i and P r i t c har d  (n I rising a somewhat c ij  f fe r on t  ,ipp’r c’.;c ’h has- .’ ~‘an i i-med

I he’ Tanner—P i pk in r-osu it  al thou qh here .tc1 a in t he’ met hods used depend c’ l U C  .iIl \‘ a;;

J
-8-
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‘Jow i at  t a; ~~; i j  s~,-nui; 5 - t r i c -  about t};t- center  h as -  of t hi - slot . This

15 1 S i - v i c e  r s - ~~t r i ct i o f l . In  p r act ical i n s t r u m e n t s  one has a f i n i t i  Reynolds

;;~mbt-r a;;c~ one must €-x~ a t  i n e r tia l  e f f e c t s  to producs asymmetrical ~~~ ~-~~n-

l i n e : -  w it h i n  the  s l at . To inves t iga te  f u l l y  the  r e l a ti onsh i j }et~si-an hole—

pressure sad t he  f i r s t  normal stress d i f f e r e n c e  one must  r e t a in  the iner t ia

t erm ; in Equation (11) and derive solut ions  for some finite positive 1-~-ynolds

number . In this case , however , analytical solutions are out of the question

and one must turn to numerical techniques.

I
— — -‘——-——. ,-__._..,_ ‘_ - -~s,s ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ “ ‘ ‘~~ - .“~~~~~~‘ ‘ I
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Numerical Solution

In order to solve the equations numerically it is convenient to introduce

an intermediate variable ~ as follows. We write Equation (10) in the form

~~ - ~~~~~ ‘~ -~~‘ — ~~ = (19)
Re ay~~ x ~x l iy

and

~ ~~~~~~~~~~~~ ~~~~~~~~~~~~2 y ax lx ayj Re ax “ ay ax ax ay

(2 0)

_ i~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ax ay t a y ax ax ay
F~(x ,y) represents a deviation from Newtonian behaviour . If 

~2 
is zero then ,

from (20), F~ is identically zero and (11) and (19) reduce to the Navier—stokes

equations.

To solve these equations together with (11) , we use finite difference tech-

niques and introduce a mesh (x . ,y .) (see Figure 2) defined by

x . = i L~x , i = 0,1,... ,M ‘~
1 

~~~~~~
. (21)

y. = j~~ y ,  j = 0,l,...,N J

To discretize the Laplacian operators in (11) and (19) we use standard five point

difference formulae

A . . - 2A .. + A . . A . .  - 2A . .  ~‘ A , .
V
2
A 

.1,4-1) ij  i—l j 
+ 

1J+l  i j  i j — 1  (22 )
1) (~~ )

2 (tt y) 2

For the non—linear terms in (19) it is necessary to bake special measures to insure

diagonal dominance of the difference equations. Otherwise it has been found that

the iterative scheme to be applied to solve these equations will not converge for

Reynolds numbers in excess of about unity. One technique used by Schafenacher [14)

is to introduce additional terms into the difference approximation for the x

derivative of t, , based on the previous iterative step. Another more popular

technique is to make use of so—called ‘upwind ’ differencing. In this case , one-

;jclpd diffe rence approximations to the first derivatives of ~ ar e used , the parti—

; - i i i , - r  app rox imat ion  i . e .  forward or backward , being chosen according to t he  a t t i c;

) — 10-
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of the cotrespondiiiq der ivatives of 4 , to ensure diaqonal dominance . In I Is-

work considered here , the latter technique has proved to be a somewha t mote

sat j s f a c t o r v method although one has to accept a loss of accuracy due t i c  t he  I ir’d

order nature of the one—sided difference approx imations. Greater aec ’ilrac ’y ca n he

recovered however , i f  r equi red , by appl y ing a d i f fe r e n c e  correction proe ’t’d ;iri’

(See , tar examp le , Dennis  and Cheng (19 1 )

flisi-ret izat ion of Equation (20) presents similar diagonal dominance problems

and we mus t  again use er ie—sided  differences for the first derivatives of

For boundary conditions we have that ~ ‘ and its first derivatives are zero

on solid boundaries , and for the inlet and outlet conditions we impose Poiseuille

flow profiles. As an alternative condition at the outlet , ‘4’ may be assumed to

be independent of x , althoug h t h i s  slows down the convergence of the  it t’rat ive

procedures. For the range of Reynolds numbers considered here , it proven adequate

t o  impose both i n let  and outlet prof i les .

The three d i f f e r e n c e  equations may now be solved using successive over-

relaxat ion , although because of the coup led na ture  of the system it is necessary

to ~et up an inner /outer  i t e r a t i on  procedure. Normal ly  to start such a ~croi’edure

one’ makes i n i t i a l  quac - i ses  ~
(O) 

~
(o) 

and ~, (0) 
for the inter ior  of the f i n i t e

differ ence mesh , and then us ing  an appropriate Tay lor Series formula one constructs

from 4
(0)  

boundary value’s for  , (0) 
(See ’ , for  example , Greenspan and Schulta

(201). Fran ~,
(0) one may the;; solve (11) to g ive a new approximation 4

(1) 
for

- ( 1) - ( 0 )  ( 1)
‘4 . ID ; i n q  ‘4’ and one then proceeds to  solve (19) for , and aa on

The ;;i’qlIc ’nr~’

~(0) ‘4
( 1)  4,(2 )

(2;) —
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of approxiniat ions (out  i t  i t  cr at  t~s)  to each of the t hi cc ’ var ,~~ 
c j  - ; -  ; -  cat c -tiht t i-it

tint ii the n t 1; and ( n - f l )  cit  outer it ei-at u aqrct’ t a c; om~’ t c r ( - i l t ’l cnn tnvd t ol e’r arc ~ 
j
i - .

T i ;  sane c -Joe;; converqcrs - e’ problems are experienced arid i t  I ; ,  I e su i s t  l ; c ’~~’ t - : - t t  t o

app i y ~nntiothinq between each oritt ’r  j I e’;~~ t e . When , for exairl isi c , a n ~ ’w • , I c l  i c  ‘x im,i —

• (n-i-i) - • ,(‘~~ 
))  

‘t ton ‘4 c i s  computed , then a weighted mean ~ of t I ;tc; valu e and t h e ’

previous value given by

~~ ( f l +  1) 
~ 2 

~~~~t)  
+ (1 — 

~~~~~ ‘4,
(fl+l) 

, :_ ~‘

cc actually used for  ‘4 for the next stage of the  outer it  ci at j o t ,  t sr o t - t ’d t t rt .  . Fe

similar ~mioot hinq icc app i led t o  and t a I

(rec•t, :;tc ,rrl and Shu I t-z 120) have suqqested that- it may he lc ,,sc; i Isle t a JV0 id

this inner/outer iteration procedure. They solve’ a rutinbe ’r at  prohl emS lot th e ’

Nay icr Stokes equat. ions in which succe’sc; lye csver—rel axat ion i a • q ’ jc i  led s imti It .ir;~ ’—

ott; ;  ly to the  vort ~~ It y and stream func t ion equat i a i r s .  They found that t lii cc wa cc a

much fast er procedure which has the  added advant age at not requ i t  i iii; ;;ntisi ’t I; m g

paramet ‘rs . Howe’ver , at  t tiupt- s to implement these i c t e a - ;  I c c i  t h e ’ pi oh 1 em a

s idet cii here proved only to be i’~t i t ly s t icceoccft i  I . m u  It art ~‘oti c c  it s - i  ~~t j o l t  at a ll

three e’quat ions (11 , ( l’~) and ( ~O) d jil not t’~ 
os his ’s ’ ~ ( ‘c ’tl\’ i ’t q~ ’nt - ,~ c 1 ut I i ’ l l  , and

e’Veti i t s cri ly the f it st t w a  eqirat 15 ‘I i ; ;  We r e ’ it e r a t  eel I oq ect  t c  ‘t I h err  • u  ~‘c ‘nv a; r cut

saint ion i c c  on 1 y oht~ m e d  if .-u cc i  I a in  degree’ of cWS ‘at hi  i c c - ;  i - ; .upp I i eel . I u t i ~ c c

case , a smoothinq c a rr t ’i ’t ion icc a~~~c I i e ’51 at  the  end at each ;  c c  ccfl l - I ~ a ;vc ’c ’~ - I t ;t i ’ui;h

t h e  mesh; of the ‘4c arid it er at js~ l u c ;  . Ph i c c  m ’t h o d  ~i ;cl , ha w, - ; , - t  , pr c ’vc - 1 c ’ i c i ’

muc h f,iat ,‘r than an inner - ‘out er I t  ~~~ at  j ot ;  scheme’ . 4 •u tu l  at i -  t,as- I u ‘~i l eel a;-

a i’ai r and ia’mlcint ’d w i t h ;  i t ;  a tion;;al inner aOl i~~t i t  ci i t  ~ai; a -  ¶ - ‘1 1 ‘y-  
I 

-

( i )  (0) ( 1) ,(1~ ~~~~~ , :
• -‘ ‘ ‘ i”I -

— 
-

—~t 1—

- - -
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In spite of the •‘f f c c ;  t -: set out above’, a convergent c ;c  ‘ l i l t  i s f l  proved t i f f  • u I t

to obtain for  Reynolds numbers in excess of about D, ) . With e ’Ve !; g r e a t e r

smoothing and the use of a finer finite difference mc;-h; it is 1 jke’ly t hat the

range of Reynolds numbers could he extended . For our icur I c oca ’  a , we are most

in terested in somewha t slower f lows , and t he re to;  e rio a t t e m p t  was made to

extend the  ana lys is  to very high Reynolds numbers .
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The Hole &‘resouie

It is diffi cult to d ef i n e  } c r e cic ;e l y what we mean by the hole ’ pressure’ .

Essen t i a l l y  if a pressure t ransducer is flush mounted in the bottom wall of the

slot and g ives a reading 
~H 

and a second transducer mounted d i r e c t l y  opposite’

in the top  P la t e  g ives a reading P then  the d i f f e r e n c e  P - P
11 

is the  hole

pressure ’.

However d i f f i c u l t y  ar ises  as t o  how to s imulate  the  ac t ion of the transducer

diaphragm . I t  was decided to  compute an average force exerted by the f l u i d  on

sane portion of t he’ bottom wal l  of the slot together wi th  the equ ivalent average

force exerted on a simi la r  port ion of the ’ top plate.  The range of integrat ion

chosen in t he’ averaging was the complete’ bottom wall  of the slot except for  a

portion \x at each end . This avoids d i f f i c u lt i e s  at the corners C and F

The hot. ’ ; - ,  e ;our e ’ •\ P is then giver;  by

.~ 
p f p  — p ) dx / ( b — 2 A x )  (26 )

~~ top p la te  ~ ‘~slot
when ’ ; c c  t he na~~tal ciinponent of the ’ stress tensor g iven iry

p — t -  , p ’  , (27)
yy yy

The d i f f e ren c e ’  in t he  va lues  of t he’ f l u i d  pressure P is given by
top pla te  

~
— 

~slot f dy
slot

where from (2) , ( t ~) and (7 )

________________________________________________ _________________________________________________— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~
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Both integrat ions  indicated aho~’c i r e ’  c a rr i ed  out numer ica l ly using a ; i m t - l c -

S impson ’ s ru le  algor i thm .

In order to compare our resul t  with ; tlce l’an n e r — P i pkin resu l t , a t it ;aI re ( í a

R , corrected for iner t ia l  e f f ec t s , i s com pu t e d , where

II 
~~~~second order fluid 

- 

N ewton j an~ ’~~1 
( 2 - ~)

and where N 1 is the f i r s t  norma l stress d i f f e r e n ce  def ined as

N P — P  .
1 xx yy

To compute N
1 

we take average values of the st reris components OV e t t lce recr i ’c;

of the top plate opi c c o i t e  the slot .

For the diff erent slot geometries considered , d i f f e r e n t  f i n i t e  d i  t t~~~r

meshes were constructed . In all c a O c 5 , however , approx imate ly  20 grid ‘cl ic c

chosen to represent the  y v a r i a t i on  of solut ion in the  m a i n  port i~’rr; - at  t h e

channel  away from the slot , and l ik e w i s e  approx imate l y 20 g r i d  c el l s  s e  i a  c lca ; - i -c ;

to represent the x v a r i a t i on with in the’ slot - Th e’ a v e r — a l l  t c ’ t  i i  at  q c i 1  t - a c ; ~~ cc

was dependent. or; t s-  t ¶ l i - r i  I a ;  
~1 u t i l e -  t t c c ;  l i t  ~ t; d i  c i t  t a t  ;~~; c . .-\ ii ca;;;; cc ’ -‘ ¶ , r -

c ’,i I  r i e ’ci  a t&t  on a t ’N IVAC I l l  0 camjoi t  s - c

- I c ’-

~~~~~~~~ - —  - -~~ - 
— - - W~ I~~~~~~~~~~~~~~~~~1~~~



Rt’sults

St r e’aml i r i e ’ s  for various flow conditions ar c shown in I-’ iqui . - c -  1—8. It w ill

he noted that in all i ’a ’;; a secondary flow , very much weakt’r than t he  f l o w  in

the mainstream , is Se’ t up in the ’ slot .

For cte ’e’~’iruq flow it is well  kn own that the velocity field i t t  a Newt onian

l i qu id i s  identical  wi th  that  of a second order f l u id . See for example L i,’;;eku s

[2 11, Tanner [22 1 . It is of interest  to investigate jus t  how much the twa f low

fields d iffer when inertial effects are included . Since t h e  f i r s t  norma l c t t e ’ O c c

difference acts like a tension along the streamlines that tends to pull the l iquid

out of the slot one would expect that part of the Newt onian f low field which dips

into the slot to straighten for a second order fluid. Certainly for the range

of Reynolds numbers considered here any changes due to elasticity proved to be

in the expected direction but these changes are extromely ~unal1 in magnitude .

This observation was also made by Crochet and Bezy 1171 . In Figure we have’

i ’lot t ed s t r eaml ines  for a square slot of depth e~~ial to the’ main ch;anne’1 height .

‘ The f u l l  h U e s are for a Newtonian liquid at a Reynolds number of 25 and the

dashed lines indicate changes due to elasticity when ci~ - . I. i t  can he seen

;ust how little the flow field is modified by elasticity even though inertial

e ’ f f e ’s’tc- are sufficiently large’ to cause the overall flow pattern to deviate quite

s ’ 5 ci;s iderab l y f r o m  the pa t t e rn , symmetric  about the centerline , whi ch on e o b ta i n s

for creeping f low .

‘ iq ur c o  4 and S we can see’ how the  gradual m t  luence of in e r t i a  i a f e l t

ac c th e  ¶~ e~~’l ;s’l i ts number increases. At ,a ve ’;-y sma l l  Reynolds number , the’ st ream —

I ines  uctass ti r e ’ wh ;ole channel  at- c’ mod i t  ied by the i -i  e ser;,’.’ of t h e  c ’ l ~~ t , I hose ’

- 1 cc t a t he’ slot being drawn quit a ileep l y into the ;; lot . 7tcc  t lie’ Reynolds  ntmrl ’e’i

, t - - c ; -  I t ; ’ - st  re’am l m a d  c t ;  •tiqht en nut 1 only t tra c e ’ qu i ts- ab c-i ’ t o  the ’ sls ’t i t e ’

, a t s l . Ar;at her not i c a b l e’  i t  t i -c l  of j r c ~~r .‘,;sitrq t h e ’ d I c e d  c l t h e ’ m a i n c • t  r earn i c c

I c ’ c t  1 c c i t t  t a - c ;  t I c .- ce ’ cc ’t t i i , t t \  I l a w  lii t he’ ‘ c l c ’t i l  t h u r t ;  i t  ,il ;~~i ’ç - c  t , c c r a r c ; c c  - t ’V c t  I i

c i  i t - i  a at  rna~r c ; i t  t i de ’  we ’, i k i ’ t  t h i a t t  I ha’ ma it ; ~ I “ii

_ _ _ _  _  
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Streamline project ions for a square slot

with h/b-i. Re 25

Full lines - Newtonian

Broken lines - second order fluid (a~ -.1)
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Streamline projections for a square slot with h/b = 1
and for a second order fluid (a~ = -.1)
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Full lines — Re 1. Broken lines - Re 10.
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I n F’iq ;x &-~ 6—8 w. - have considered how the flow ~~i e - ] d  is af f u c t e d  by ch~inges

in the  channe l / s lo t  geomet ry . Two fac tors  are relevant  here , namel y the  s ic t

depth and the slot width . Figures  6 and 7 show s t reamlines  plotted for slots

of ha l f  and double depth respect ively.  A comparison of Figures 4 , 6 and 7 shows

tha t  the main  f low is relat ively u n a f f e c t e d  by slot depth and that in all cases

the fluid is virtually stationary at the bottom of the slot . One might expect

ther e fo re  that hole pressures would be relatively insensitive to slot depth and

we shall invest igate this point later . One consequence of chang ing the slot depth ,

however , is a considerable change in the secondary flow , and , in particular , for

slots of double depth , one sees the onset of a second separate circulatory motion

in the slot .

Figure 8 shows streamlines for a slot of half width .  Intui t ively one might

expect inertial effects to be reduced for a narrower slot and the results seem to

confirm this , for the streamlines in the main channel are straighter compared

with a square slot , the overall pattern is more symmetric about the slot center—

lin e, and very li ttle change is seen when the Reynolds number is increased from

10 to 25.

If we turn our at tent ion now to the hole pressure, Figures 9 and 10 show

plots of the hole pressure as a function of distance across the slot . Further

tabulated values for representative points across the slot are calculated in Table

1. It can be seen from the figures that for the Newtonian case (dashed lines)

a positive value in the f i r s t  part of the slot is to some extent cancelled by a

negative value in the remainder of the slot so that the net integrated hole pres-

sure recorded by two transducers will be very small. This is not the case for

the elastic liquid (f u l l  l ines)  where the curves remain posit ive throughout ~t~c

slot . One would expect , therefore , the hole pressure cont  rihutioc ; due to cla~-

ticity to be at least an order of magni tude greater t h an  t h a t  due to inertial

e f f e c t s  at t 1ca Reynolds numbers considered here.
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Streamline projections for a second order~ fluid (ct*, =

in a deep slo t with h/d 0.5. Re 10.
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Figure 8

Streamline projections for a second order f luid  = — .1)

in a narrow slot h/b = 2.
Full lines — Re = 10. Broken lines — Re 25. -
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Hole pr essur e plotted as a function of distance

ac ross the slot for a square slot with h/b — 1.

Full  lines - - -.1 . Broken lines - Newtonian .
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A lt h o u qh  the parameter it~~ does not appear in the equations for  t ’ t 4 ~~im-

lj n ~~s , it does a f f e c t  pressure calculations. Throughout th is  work a v u  i 1  i t

within an acceptable range of values proved to have a v i r t u a l l y  noq i i - ~ i$ * I t

effect on the results.

In Figure 11 we have plotted the ratio R as a function of ReynoLh~ n ujn }~er.

It is clear t h at  the assumptions made in the Tanner—Pipkin theory breakdown

fai r l y rap idly  as the Reynolds number increases above unity although ther - is s t i l l

a very - l in ;I ’  r e l a t i o n s h i p  between the hole pressure and the first norma l stress

d i f f e r e n c e .  Also plotted in Fiqur t - 11 are some of the results of Crochet and

~ rezy . I t  should be said tha t  it is not clear from their work whether they have

app lied an inertial correction as we have, by subtracting off the Newtonian contri-

bution to the hole—pressure . (See Equation ( 2 9 ) ) .  This correction would bring 
-

their results a little closer to those computed here although some difference is

Sti ll 5a$’par(’!lt -

F ina l ly we return to the question of geometrical effects in hole pressure

measurement. In Table 2 the ratio R is tabulated for  four d i f f e r e n t  slot

geometries. As suggested earlier , it would seem that the relat ionship between

hole pressure error and the first normal stress difference is relatively insensi-

tive to changes in the depth of the slot. The width of the slot is a more its-

portant factor however. A narrower slot leads to less inertial distort i ..si of t h e

f low f ie ld  and , as a result , a value of ~ closer to that predicted by the

Tanner—Pipkin theory .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~ 
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Type of Slot R

Square .166

Half depth .167

Double depth .166

Half width .186

Table 2

The ratio R tablulated as a function of

slot geQnetry for = — .1 and Re = 10.
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- - : . - t t t  i~~~~ s -~ .t iqat  ion in t o  t h e  det ermination ot the t i rst  norma l -t t - s .

d itt et ~4u~~ e ot a V i ~- s o—e last ic l iquid by the measurement of hol I ’— p r e s s l I r I ’- - i rid’—

o~~. t h~it the pi  oblem i t t  somewhat more complex t han that m~xh’l I ed by the

1’~u t t ~-t t’ i 1 - k iti t hoory. Althoug h eE .ist ici t y is found to have V V L y  1 itt I I ’  i n f l u —

s ’ t ls c Ot l t ; t  I e.lml 1)1& ~ p .tt  t t t i o t  , even at q~~i te appre’c j~~bl e Reynolds numbers i t l t ’ 4V t  i .il
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between the l~ ’l (‘—}ut ’tssurt ’ and the first normal I ros s  d f tt’rerice when Ri’ --

l lowcvt ’ r • 
(~m I I  -u i t  corif inn the  1’anncr - ’I’ i~’ki n theory for Reynolds number s

l’( ’ I S ’W U n it y

Slot geometry i t ;  not foun d t o  be an important fact or a t ;  f a r  as slot depth

is concerned , but narrower slots .ue found to reduce inert ial d i s to r t ion  of the

flow .
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— Abstract (continued)
-

-

Reynolds numbers where inertial effects are not negligible . The ratio of hole
pressure/first norma l stress difference is foun d to vary frc*n 0 .25  to 0.16 as the
Reynolds number is varied from 1 to 10. Streamline patterns are presented for - -

~ 

-

Poiseuille flow of a second order f lu id  over a slot cut into one wall of an other-
wise straight channel . Various geometries are considered . The results naturally
include those for art incc4npressible Newtonian liquid at non—zero Reynolds nuznbers. ~~~ — - - - 

-

has been custcxnary In the past to apply the term hole pressure ‘error ’ to the
quantity 

~~~~ 
where is the pressure measured in the static liquid at the end

of a hole in a channel wall arid P is the pressure which would be exerted on the
w

wall by liquid flowing in the channel if the hole were not present. The basic aim
of this paper is to relate this ‘quantity’ to material properties of the liquid,
and as such the term ‘error ’ is misleading since the ‘quantity ’ will itself be subj ect
to error . We choose , therefore, to refer to the ‘hole pressure ’ defined as

It will be noted that the sign of the hole pressure is chosen to be positive for
elastic liquids.
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